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Abstract
The paper [Phys. Lett. A 373 (2009) 3610] by D.-C. Li analyzes the transformation between two-qubit mixed states by local
operations and classical communication. We show that the proof of the main theorem, Theorem 2.6 in [Phys. Lett. A 373 (2009)
3610] is not complete. Therefore the generalization of Nielsen’s theorem to mixed states still remains an open problem.
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1. Definition of transformations between mixed states by lo-
cal operations and classical communication
In this section we give the definition of transformations by
LOCC. An operation Λ on a bipartite quantum system de-
scribed by the density operator ρ is called separable if it has
the following form [3, 4, 5, 6]:
Λ(ρ) =
N∑
k=1
(Ak ⊗ Bk) ρ
(
A†k ⊗ B
†
k
)
. (1.1)
The Kraus operators have to satisfy the condition
N∑
k=1
A†k Ak ⊗ B
†
k Bk = IA ⊗ IB. (1.2)
Definition. Local operations and classical communication
(LOCC) are a subset of separable operations, where the Kraus
operators can be generated in a specific way. Namely, an op-
eration described by {A(1)i } (with
∑
i A
(1)†
i A
(1)
i = IA) is applied
by Alice. She communicates the result i of a measurement to
Bob, who uses this information for building his set of opera-
tions {B(2,i)j }. Then, Bob transmits the result j to Alice and the
scenario is repeated [3, 4, 5, 6].
Using the above definition, the following results were ob-
tained:
(i) transformation between two pure bipartite entangled
states [2]:
T : |Ψ 〉
LOCC
−→ |Φ 〉;
(ii) transformation between a pure state and an ensemble [7]:
T : |Ψ 〉
LOCC
−→ {q j, |Φ j 〉};
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(iii) transformation between probability distributions (en-
sembles) of 2 × 2 pure states [8]:
T : {p1, p2; |Ψ1 〉, |Ψ2 〉}
LOCC
−→ {q1, q2; |Φ1 〉, |Φ2 〉}.
Here the ensembles consist of two states.
The entanglement of a mixed state ρ is defined as [7]:
E(ρ) = min
{pi ,|Ψi 〉}
∑
k
pkEk(|Ψk 〉),
where ρ =
∑
i pi|Ψi 〉〈Ψi | is any realization of ρ. The ensemble
that achieves the minimum in the above definition is called an
optimal ensemble [1].
Instead of using the definition presented above, the author
presents a different definition for LOCC [1]:
”Let {pi, |Ψi 〉} and {q j, |Φ j 〉} be two optimal ensembles of
two-qubit mixed states ρ and σ, respectively. We say
Definition 2.5. ρ LOCC−→ σ if {pi, |Ψi 〉}
LOCC
−→ {q j, |Φ j 〉}.”
There is no paper in the scientific literature where this defi-
nition for LOCC for mixed states can be found.
2. The incompleteness of the Proof of Theorem 2.6 in the
paper [1]
The main theorem in Ref. [1], Theorem 2.6, gives the nec-
essary and sufficient conditions that enable the transformations
between mixed states using LOCC. In the body of the Proof of
this theorem, the conditions that perform the transformation be-
tween ensembles are presented, where the ensembles are built
using four 2 × 2 states. The conditions that describe this trans-
formation are given by Eqs. (9) − (12) in [1]:
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T1 : |Ψ1 〉
LOCC1
−→ {q j, |Φ j 〉} is described by
x1 ≥ p11y1 + p21y2 + p31y3 + p41y4; Eq. (9) in [1]
T2 : |Ψ2 〉
LOCC2
−→ {q j, |Φ j 〉} is described by
x2 ≥ p12y1 + p22y2 + p32y3 + p42y4; Eq. (10) in [1]
T3 : |Ψ3 〉
LOCC3
−→ {q j, |Φ j 〉} is described by
x3 ≥ p13y1 + p23y2 + p33y3 + p43y4; Eq. (11) in [1]
T4 : |Ψ4 〉
LOCC4
−→ {q j, |Φ j 〉} is described by
x4 ≥ p14y1 + p24y2 + p34y3 + p44y4. Eq. (12) in [1]
As one can see from the above equations, the input pure state
|Ψi 〉 is known. There are four different LOCC transformations
T1, T2, T3, and T4 that are performed, depending on the input
state. One can apply the methods used in the proof of Theo-
rem 1 in Ref. [7] and the proof of the Nielsen’s theorem in [2]
for obtaining the mathematical expression of the four transfor-
mations. If the input state is |Ψ1 〉, then one can construct a
local protocol L1 that makes the transformation |Ψ1 〉 → | η 〉,
where | η 〉 is the average target state defined in Ref. [7]. Fur-
ther a POVM is applied to the average state in order to obtain
the ensemble: | η 〉 → {q j, |Φ j 〉}. Due to the fact that the lo-
cal protocols L1, L2, L3, and L4 are different, depending on the
input state |Ψi 〉, it follows that the transformations T1, T2, T3,
and T4 are different.
The equations (9)−(12) in Ref. [1] are analogue (identical)
with the Eq. (9) in Ref. [8] by Gour, where only two states
were considered. Gour emphasized that there are two differ-
ent transformations T1 and T2, that enable the LOCC between
ensembles of two states.
The author concluded in the Proof of Theorem 2.6 in [1] that,
if the Eqs. (9)−(12) are satisfied, then ρ LOCC−→ σ. Or, in other
words, if the four different transformations T1, T2, T3, and T4
exist, then ρ LOCC−→ σ. This statement is not so obvious and
further investigation is required in order to prove it.
In the case when the transformation is applied to the mixed
state ρ =
∑4
i=1 pi|Ψi 〉〈Ψi |, the input state |Ψi 〉 is unknown to
Alice and Bob. According to the definition of LOCC presented
in Sec. 1, a unique transformation T described by the Kraus op-
erators {Ak ⊗Bk} given in Eq. (1.1) have to be found for the four
states |Ψ1 〉, |Ψ2 〉, |Ψ3 〉, |Ψ4 〉. In addition, classical communi-
cation is used by Alice and Bob to generate the transformation.
One has to prove that if Eqs. (9)−(12) in Ref. [1] are satis-
fied, then a unique LOCC transformation T exists, regardless
of the input state |Ψi 〉 and this is equivalent to the transforma-
tion ρ LOCC−→ σ.
In conclusion, we have shown that the proof of Theorem 2.6
in Ref. [1] is not complete. The generalization of the Nielsen’s
theorem to mixed states still remains an open problem even in
the simple case of two-qubit states.
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